Estimates for the difference of the Weil height and the canonical height of points on elliptic curves are used for many purposes, both theoretical and computational. In this note we give an explicit estimate for this difference in terms of the y'-invariant and discriminant of the elliptic curve. The method of proof, suggested by Serge Lang, is to use the decomposition of the canonical height into a sum of local heights. We illustrate one use for our estimate by computing generators for the Mordell-Weil group in three examples.
Let E be an elliptic curve defined over a number field K, say given by a Weierstrass equation is bounded as P ranges over E(K), where h is the Weil height on K. In this paper we will give explicit upper and lower bounds for the difference (2) in terms of the coefficients of the Weierstrass equation (1) . For example, an immediate consequence of Theorem 1.1 will be the estimate (3) -\hU) -A*(A) -°-97* < HP) -\h(x(P)) <^h(j) + ^h(A) + l.07.
Here A = -16(4A* + 21B2) and j = -172S(4A)3/A are the discriminant of ( 1 ) and the ./-invariant of E, respectively.
Estimates of this sort have been given by other authors. Dem'janenko [4] and Zimmer [13] give general, explicit bounds for the Weierstrass equation (1) . However, our estimates are somewhat more precise, and since these are logarithmic heights, a small improvement in the bounds may translate into large savings for numerical applications. For the family of curves y = x + px, Bremner and Cassels [1] give an estimate for (2) , and for the particular curve y = 4x -2 8.x+ 25, Buhler, Gross, and Zagier [3] give essentially best possible bounds. We will compare our results with these earlier estimates and give examples in §2.
Except for [3] , all of the earlier results depend on first giving an explicit estimate for the difference h(2P) -4h(P). Lang [8] has pointed out that one can also obtain an estimate for (2) by adding up estimates for the difference of the local heights (4) kv(P)-\\ogmax{\x(P)\v,\}.
He gives such estimates in [6, Chapter I, Theorem 8.4, and Chapter III, Theorem 4.5], making explicit the dependence on j and A, but leaving undetermined various absolute constants. This makes his results useful for theoretical purposes, but unsuited to actual computations. In this paper we will follow (with some modifications) the program described by Lang in [6] to give completely explicit estimates for (2) and (4) . We begin in §1 by stating our main results. After some examples ( §2) and preliminaries on local heights ( §3), we give our principal local estimates in §4 (non-Archimedean) and §5 (Archimedean). It is worth noting that the absolute constants in (3) arise only from the Archimedean places; we have taken some care to keep these constants small, which will help explain the length of §5. In §6 we add up the local results to prove our main theorems. One practical application of an estimate such as (3) is related to the problem of finding generators for the Mordell-Weil group E(K). A standard descent will often (if one is lucky) produce generators for the quotient group E(K)/mE(K) for some small integer m > 2. (See, e.g., [2 or 10, Chapter X].) The usual proof of the Mordell-Weil theorem then shows how, in principle, one can find generators for E(K). However, in order to carry this out in practice, one needs an explicit estimate for the difference (2). In the last section, we will illustrate this procedure with three examples.
Statement of the main theorems
We set the following notation, which will remain fixed throughout this paper: K, a field; E/K, an elliptic curve defined over K ; h , the absolute logarithmic height on Q ; h , the canonical height on E(K), when K is a number field.
If K is a number field, we also let h^ be the Archimedean contribution to the height. Thus, with the usual notation (cf. [10, Chapter VIII, §5]), *«(/) = [k\q] S b«1o8X fori€*-
The following result gives our main global estimate for the difference of the Weil height and the canonical height. Theorem 1.1. Let K be a number field, and let E/K be given by a Weierstrass equation 2 3 2 (5) E:y + axxy + a^y = x + a2x + a4x + a6 whose coefficients are in the ring of integers of K. Let A be the discriminant of (5) and let j be the j-invariant of E. Further let b2 = ax+4a2 and 2=^1 ifb2 = 0.
Define a "height of F" (really of the Weierstrass equation (5)) by p(E) = ¿A(A) + MM + ïhJb./U) + I log2*.
Then for all P G E(K),
-¿A(/') -ME) -0.973 < h(P) -\h(x(P)) < p(E) + 1.07. 
This is the version we stated in the introduction. Of course, it is often possible to do better. For example, if K = Q and A > 0, then l/l^ < 1728, so nooU) ^ log(1728). This gives a substantial improvement over (6) if A and B are large. In special cases it is possible to improve the estimates of Theorem 1.1, especially the more important lower bound. Rather than try to give the most general such improvements, we will illustrate the techniques for a particular class of curves, and leave it to the reader to adapt these ideas to other examples. Theorem 1.3. Let E/Q be given by a Weierstrass equation By way of comparison, Zimmer's estimate [13] gives in this case
We see that the constants in (8) are not as good as those in (9), but the dependence on B is much better. Of course, for computational purposes it is also preferable to have a bound for h(x), rather than for h([x, y, 1]), since the latter will generally be | as large as the former, requiring a much larger search region. Let us show that the dependence on B in (8) is best possible. For each integer t gZ, consider the curve and point Et:y2 = xi + t\ P, = (-t,0).
Since F( is a two-torsion point, we have h(Pt) = 0. On the other hand,
A(x(F()) = log|f| and h(Bt) = log|r3|, so h(Pt)-\h(x(Pt)) = -\h(Bt).
Since also h(Bt) -> oo as t -» oo, this shows that the lower bound (8) has best possible dependence on B .
In order to show the same for the upper bound, we cannot look at torsion points, since we want h(P) to be large. Again for t G Z, we consider the elliptic curves and points El:y2 = xi + (t2 + l), Pt = (-l,t).
Using [11] , one finds that the canonical height of F( over the function field C(i) is equal to \ . It then follows from [9] that Urn *© -I.
/-»oo h(t) 3
On the other hand, for the given equation we have h(Bt) = h(t2 + \)~2h(t) asi^oo.
Since h(x(Pt)) = A(-l) = 0, we find
which shows that the dependence on B in the upper bound of (8) is also best possible. We compare (11) with an estimate of Bremner and Cassels [1] . They work over Q and consider equation (10) with A = p > 3 prime. They deal only with points F = (x, y) satisfying x = r/s, gcd(r, p) = 1. In this situation they obtain the estimate (12) -
Notice that the lower bound in (12) has a better dependence on A = p than (11), although we observed above that (11) is best possible. The reason that Bremner and Cassels do better is their restriction to points with gcd(r, p) = 1. Geometrically, this ensures that F is on the identity component of the Néron model for the prime p . By using this additional fact, we can improve on (12) as follows: For the equation (10) with A = p > 3 prime, we have (13) -2.252 <h(P)-\h(x(P)) if x(P) = r/s, gcd(r, p) = 1. This is better than (12) as soon as p > 183506. So for practical purposes, (12) will often be preferable. We briefly indicate the proof of (13) . For the Archimedean place of Q we use Theorem 5.5, obtaining -^ log(64/>3) -i log(1728) -0.973 < k^P) -\ log+ \x(P)\x .
For all primes q ^ p , we use Theorem 4.1(a), which gives
Finally, for the local height at p we use the condition that gcd(r, p) = 1 to observe that P reduces to a nonsingular point modulo p . This means that the local height at p is given by the exact formula i2lOè(p3)=kp(P)-1rlOg+\x(P)\p.
Summing all of the local heights, the dependence on p vanishes, yielding the estimate given in (13).
Example 2.3. Consider the curve 2 3 E: y + y = x -Ix + 6
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use of conductor 5077 and rank 3 over Q. For this curve, Buhler, Gross, and Zagier [3] give the estimate (14) 0<h(P)-^h(x(P))< 0.60254... for all F g E(Q).
(Note that their h is twice ours.) This curve has A = 5077, ; = 2123373/5077, b2 = 0, and 2* = 1, so applying Theorem 1.1 directly gives -2.1 <h(P) -\h(x(P)) < 2.46.
Of course, this can be substantially improved by using the fact that there is only one component on the fiber of the Néron model at p = 5077, so
However, this will still yield something much worse than (14). The reason is that \j\ is quite large. To get an estimate close to (14), one would need to redo the Archimedean bound in Theorem 5.5, using the fact that q = e nn is extremely small. In fact, Buhler, Gross, and Zagier use a series for kx due to Täte to obtain a very accurate estimate for the local height at the Archimedean place. Applying Theorem 1.1, we find that every point F G E(Q) satisfies (17) -3.27 < h(P) -%h(x(P)) < 2.871.
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By comparison, Zimmer's estimate [13] gives
In §7 we will use these estimates to compute generators for the Mordell-Weil group over Q of the curves in Examples 2.4, 2.5, and 2.6.
Preliminaries on local heights
In this section we set notation and briefly review the basic facts about local heights that we will need in the sequel. For further explanation and proofs, see [6, Chapters I, III; 10, Appendix C, §18].
Let K be a field complete with respect to an absolute value v , and let E/K be an elliptic curve given by a Weierstrass equation 2 3 2 y +axxy + a3y = x + a2x + a4x + a6
with discriminant A and 7-invariant /'. The local height function k = kv:E(K)\{0}^R is a continuous function, with a logarithmic pole at O, which satisfies the duplication formula k(2P) = 4k(P) + v((2y + axx + a3)(P)) -\v(A) for all F G E(K) with 2F ± O. As usual, we will let v(t) =-\o%\t\v and \o%~ \t\v=\o%max{\t\v,Y).
The local height is independent of the choice of a Weierstrass equation, and does not change for finite extensions of K . In case v is non-Archimedean, if all of the a¡ coefficients are v-integral and if F € E(K) reduces modulo v to a smooth point, the local height is given by the formula
Again, if v is non-Archimedean and if \j\v > 1, then (possibly after a quadratic extension of K) the curve E has a Täte parametrization E(K) = K*/qz for some q G K* with |r7|î; = |/'|~ < 1. If u G K*/qz is normalized by |i|"<|w|t;<l, then the local height is given by k(u) = log+ 1 + -B2(a)v(q), 1 -u\v where a = a(u) = v(u)/v(q) and B2 is the second Bernoulli polynomial B2(T) = T2 -T+Xz. In case v is Archimedean, we can assume that K = C ; then F(C) s C*¡q for some q G C*, |<?| < 1. In this case the local height of « € C* /qz is given
where a and B2 are as above.
Finally, if K is a number field, then the canonical height h on E(K) can be computed locally as kP) = Tkrö\ £ nvxv(p) for all P G E(K), P¿0.
We conclude this section with an elementary inequality which will prove useful. Now under the hypothesis in (b), namely ordv(j) = -1, we must have ordv(u) = 0, which gives the required lower bound of j¿ log+ \j\v.
Suppose now the E is not a Täte curve. Since \j\v > 1, it becomes isomorphic to a Täte curve after a quadratic extension L/K. Further, the condition ord);(c4) = 0 means that L/K is unramified. In this case, F has nonsplit multiplicative reduction and is isomorphic to a Täte curve in the unramified quadratic extension over which it attains split multiplicative reduction. Now the above argument works for points in E(L), so a fortiori it is valid for points in E(K). [N.B. It is vital that L/K be unramified; otherwise the valuation w in L would give ord (j) = 2, vitiating the entire argument.] D
Archimedean local heights
In this section we estimate the difference between local heights for Archimedean absolute values. This will involve using ^-expansions to estimate various functions. Throughout this section, we use the following notation: Next we prove some estimates relating the modular /'-function j(r), the modular discriminant A(t) , and the parameter q . 
n>\
Then j(x) = (12^2(t))3/A(t) = Y(t)3/D(t) , so lQg|;(T)2)(T)| = 31og|r(T)|. As in [5, Lemma 2.2], it is easy to get an upper bound for T(x) :
ir(T)| < i + 240 y "3 n = j 240|g,i + 4|g| + |g|2 < 2 0813
The last inequality uses (*). Hence,
log+U(T)| + 10g|F)(T)|<10gU(t)Z)(T)|
= 31og|r(r)| < 31og(2.0813) < 2.2.
To prove the other inequality, we must bound T(x) away from 0. Notice if we use the trivial estimate \q\ < e~ , then the lower bound (19) is negative. This reflects the fact that j((\ + \/-3)/2) = 0. We also need the following estimate for D(x), which follows immediately from Lemma 5.1 with t= 1: (20) log|Z)(T)|>log|g|-24 |g| (i -kl)
Using (19) and (20), we find log+U(T)|+10g|Z)(t)| (21) =max{log|/(T)D(T)|,log|Z)(T)|} = max{31og|r(T)|,log|Z)(T)|}
> max |31og (l -240\q\l + 4'", + f) , logM -24-^1 .
[l-\Q
a-kir
To find a lower bound for this maximum, we equate the two quantities in the right-hand side of (21) and solve numerically for \q\. This gives \q\ = 0.003446... and a lower bound of -5.75377... , which completes the proof of (a).
(b) The upper bound is [5, Lemma 2.2a]; the proof of the lower bound is similar to (a), so we only briefly sketch it. In place of (21) we find, after some calculation, Since also 11 -u\2 < (1 + |w|)2, we immediately obtain the desired upper bound. Proof. Choose a x with j(x) = j(E), and let É be given by the equation
Thus there is an isomorphism The conditions on A and B ensure that c4 and the denominator of / are relatively prime; and the denominator of / is square-free. In other words, for 3 2 every prime p G Z dividing 4A + 21B we have ordp(/) = -l.
This means that in adding up these non-Archimedean local heights, we can use part (b) of Theorem 4.1 instead of part (a). We obtain the estimate log |4^3 + 27F2| < 5>p(F) -\ log+ \x(P)\p).
Next we look at the unique Archimedean place. We apply Theorem 5.5 directly, which yields ¡L log+ 116(4^J + 27*2)|00 -i log+ \j\x -0.973
Adding the last two estimates then gives -|log+U|-1-205 <h(P)-{h(x(P)).
This completes the proof of the first inequality in Theorem 1.3.
We suppose now in addition that A > 0. Then the above formula for /' shows that \j\oc < 1728 . The second inequality in Theorem 1.3 is then immediate from the first. D
7. An application: Generators for the Mordell-Weil group It is still an open problem to give an effective algorithm for computing generators of the Mordell-Weil group of an elliptic curve. The proof of the MordellWeil theorem falls into two parts. In the first part, if one is lucky, one finds generators for the quotient E(K)/mE(K) for some small integer m (typically m = 2 ). It is then possible to refine this set into a set of generators for E(K) itself; and this refinement process is effective. However, in practice one needs an effective estimate for the difference h -\h(x). We will illustrate this process for the three elliptic curves described in Examples 2.4, 2.5, and 2.6. For other examples, see [1, 3] . Hence F(Q) has rank 1, and it remains to find a generator. Using the algorithm in [11], we compute the canonical height of these five points. The point P = (1, 1) has the smallest height, h(P) = 0.0249... , and one can then check that the five listed points are (in order) 2F, -3F, P, -4P, 5P. We would like to show that F generates F(Q).
Suppose not. Then P = nR for some n > 2 and some R G E(Q). Further, since x(P) G Z, we see that also x(R) G Z. If such an R exists, then its height satisfies h(R) = \h(P) < \h(P) = 0.0061.... Now we use the estimate (15) from Example 2.4, which says that h(x(R))<2h(R) + 3.84 < 3.86.
Hence, if R exists, then it satisfies x(R) G Z, and \x(R)\ < e3M < 48. Now it is a simple matter to check all integer values for x between -1 and 48. (If x < -2, then x3 -x + 1 < 0.) The only points which appear are the five points in (32). Therefore R does not exist, which completes the proof that F(Q) = Z(1,1).
Notice our computation uncovered all points with integral coordinates and canonical height less than 0.0061. In particular, it would have found any torsion points, which gives an alternative proof that F(Q) is torsion-free.
The computation in Example 7.1 proceeded especially smoothly because E(Q) had rank 1. When the rank is greater than 1, the following (unpublished) observation of Don Zagier is often helpful. A standard descent (cf. [2] ) should show that the rank is at most 2 (although I have not actually done the calculation), and a brief search for rational points turns up (33) F = (6, 15) and Q = (-2, 3).
We also note that
Using [11], we compute the heights h(P) = 1.0217... , 'h(Q) = 0.7229, ... , and h(P + Q) = 1.4092... , and then the height regulator ,P2 i'?!") =0.7105.
((P, \(P, Q) (Q,Q).
Since the regulator is nonzero, F and Q are linearly independent. Using the same procedure as in Example 7.1, it is easy to check that F, Q and P + Q are not in 2F(Q). Hence the map {0,F,ß,F + Ö}-F(Q)/2F(Q) is surjective, assuming, as always, that F(Q) has rank 2. Incidentally, this surjectivity proves anew that F and Q are independent.
We now apply Proposition 7.2, which says that F(Q) is generated by the set S = {RG E(Q) : h(R) < h(P + Q) = 1.4092...}. Here, Qx and Q2 are points of order 2, and F has infinite order. We wish to show that P, Qx, Q2 actually generate F(Q).
Suppose that they do not generate E(Q). Since Qx, Q2 have order 2 and since P, Qx, Q2 do generate F(Q)/2F(Q), it follows that F = mR for some odd integer m > 3.
(That is, we must have P + T = mR for some T G E [2] and some odd m , and then P = m(R + T).) Hence, It then follows from (17) that h(x(R)) <2h(R) + 6.54 < 6.7.
-
Since also x(R) G Z, we must look for all points R G E(Q) with x(R) G Z and \x(R)\ < e < 813 . A computer search finds all such points, namely {(-4, 0), (-3, 3), (-2, 0), (6, 0), (14, 48), (16, 60)} = {Q1,P,Ql,Qx + Q1,P + Ql,-P + Q1).
This concludes the proof that E(Q) = Z(-3, 3) ©Z(-4, 0) eZ(-2, 0) = Z® ^ ® ^ .
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